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We explore the spontaneous generation and decay of quantum correlations between two identical
atoms coupled to a common Markovian environment in the presence of electromagnetic field modes.
For this purpose, we analyze the dynamics of quantum correlations by employing the concurrence,
the trace quantum discord and the local quantum uncertainty, for collective Dicke states. It is
shown that the collective damping and dipole-dipole interaction plays a key role in enhancing non-
classical correlations during the process of intrinsic decoherence. The quantum correlations can be
maintained over a long time but for small distance between the two atoms.
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I. INTRODUCTION
Quantum information theory (QIT) is an exciting field
which lies at the intersection of physics, mathematics
and computer science. It deals with the storage, trans-
mission and processing of information using quantum-
mechanical systems. Entanglement is the key resource of
many QIT applications [1–3] like quantum key distribu-
tion [4], quantum teleportation [5] and quantum dense
coding [6].
In this sense, quantification of quantum correlations in
multipartite systems has attracted a lot of interest in the
literature. Various quantum correlations quantifies were
introduced. The first one is quantum discord (QD) [7]
which has been shown a fundamental resource in quan-
tum information processing [8]. Despite of an important
effort concerning the comparison of entanglement and
QD for several families of quantum states [10–12], sci-
entists, unfortunately, have not yet described the clear
evidence of relation between them [9]. Recent studies
showed that quantum discord act as a resource of entan-
glement distribution [13, 14] and a quantitative measure
in quantum-state merging [15, 16].
One of the major challenges for the physical realiza-
tion of quantum information and computation protocols
is the decoherence which arises due to the quantum sys-
tem coupling with its surroundings, causing loss of in-
formation from the system to its environment. During
20th century, it has been perceived that the spontaneous
emission of multi-atomic system can be altered due to
the collective properties of the system, in comparison to
single atom case. Two different spontaneous decay rates
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(superradiant and subradiant) due to inter-atomic dipole
interaction has been recognized by Dicke [17]. Tavis and
Cummings [18] studied the interaction between the atoms
and a single-mode radiation field inside a cavity, as a par-
tuclar case of Dicke Model.
There are many physical systems suggested for the im-
plementation of QIT such as cavity QED [19], ion traps
[20] and quantum dots [21]. The time evolution of entan-
glement for a system of two qubits, or two-level atoms,
has been widely studied in recent years [22–27]. The in-
vestigation on the collective Dicke states has been carried
out to measure qubit-qubit entanglement [28, 29]. Very
recently, a long distance entanglement has been gener-
ated by Muzzamal et al., [30] by using quantum dark-
soliton qubit in quasi one dimensional Bose-Einstein con-
densates [31]. The double or zero excitation bell states
(pure or mixed) has been proposed in Ref. [32]
More recently, it has been shown that the perfect com-
munication of measurement results using classical tools
is impossible when the measurement device is prepared
in a classical state. In this process, the absence of quan-
tum correlation between the measurement apparatus and
the system of interest induces a lost of information. In
addition, the study of non-classical correlations in mul-
tipartite systems continues to be an important issue in
the literature [33–38].. It has been shown that quantum
discord is a special kind of quantum correlation which
gives beyond entanglement. Furthermore, this type of
non-classical correlation is a valuable resource for several
quantum protocols as for instance in quantum computa-
tion [39].
Another interesting family of states is a family of the
two-qubit X-states, which are of interest here. Ali et
al. [11] used this state to make a closed form solution
for quantum discord. However, it turned out that their
algorithm is not universal. Later, Lu et al. [40] proved
that it is not possible to find a universal set of orthogonal
projective measurements for the full family of X states.
Some counterexamples have been given in [40, 41]. In-
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2stead, Chen et al. [41], confirmed the applicability of the
algorithm for several special cases of X states. Recently,
it has been shown that different measures of quantum
correlations behave differently in their evolution [12].
The present work is organized as follows: In sec. II,
we discuss the main quantifiers of non-classical correla-
tions, with special attention to the concurrence, the trace
quantum discord and the local quantum uncertainty. We
obtain an explicit formula of local quantum uncertainty
and give also the analytical expression of the geometric
discord based on the trace norm in a two-qubit X state.
The theoretical model consisting of two-two level atoms is
discribed in sec. III, where we also present the Markovian
master equation and extract the density matrix elements
for the Dicke states to evaluate the quantum correlations
quantifiers (concurrence, trace quantum discord and the
local quantum uncertainty). Finally, we present the con-
clusion of the present investigation in Sec. IV
II. QUANTIFIERS OF QUANTUM
CORRELATIONS
Entanglement is a useful physical resource of QIT and
describes the correlations between quantum systems that
is much stronger and richer than any classical correlation.
The study of entanglement and in particular how it can
be quantified is a central topic within QIT. Therefore, the
quantitative measures of the entanglement in bipartite
and multipartite quantum systems are the entanglement
of formation [43, 44], concurrence [45, 46], linear entropy
[47], entanglement of distillation [48], and negativity [49,
50]. But, a most widely accepted measure for a two qubit
system is the concurrence defined by Wootters [42],
C (ρ) = max
{
0,
√
ϑ1 −
√
ϑ2 −
√
ϑ3 −
√
ϑ4
}
, (1)
with ϑi’s are the eigenvalues (decreasing order) of the
Hermition matrix R = ρρ˜, where the spin flip density
matrix ρ˜ = (σy ⊗ σy) ρ∗ (σy ⊗ σy), with ρ∗ and σy being
the complex conjugate of ρ and the Pauli matrix, respec-
tively.
An alternative approach to investigate the quantum cor-
relation for an arbitraray state has been proposed by
Zurek et al., [51] and Vedral et al., [52]; It is called ”quan-
tum discord” and defined as the difference between two
classically-equivalent expressions of the mutual informa-
tion, that is to say the original quantum mutual infor-
mation I (ρAB) := S (ρA) + S (ρB) − S (ρAB), and the
local measurement-induced quantum mutual information
C (ρAB);
Q (ρAB) = I (ρAB)−max
piBj
S (ρB)−∑
j
pB,jS (ρB,j )
 ,
(2)
where S (ρ) = −tr (ρ log2 ρ) is the von Neumann entropy,
piB
j is a set of local projective measurements on the sub-
system B, and ρB,j is the conditional state of system B
associated with outcome j.
An analytical approach to evaluate the entropic dis-
cord is in general a difficult task due to an optimiza-
tion procedure for the conditional entropy over all local
generalized measurements, even for the simplest case of
two-qubit system. These difficulties led Dakic et al., to
propose a geometric measure of quantum discord in terms
of its minimal Hilbert-Schmidt norm (Schatten p-norms)
distance from the set of classical states [53]. Despite its
casiness of computability [54–57], this measure is not a
good measure of quantum correlations for p>1, since it
may increase under local reversible operations on the un-
measured subsystem, and also it is non contractible under
trace preserving channels [58]. The Bures norm (trace
norm with p = 1) is the only Schatten p-norm which is
contractible [59, 60]. Therefore, the trace distance quan-
tum discord (TQD) for a two-qubit state ρ is defined by:
DT(ρ) = min
χ∈Ω
||ρ− χ||1, (3)
where ||ρ−χ||1 = Tr
√
(ρ− χ)†(ρ− χ), and the classical-
quantum state χ =
∑
k
pk Πk,1⊗ρk,2 belongs to the set Ω
of classical-quantum states with Πk,1 and ρk,2 denoting
a set of orthogonal projectors for subsystem 1 and be-
ing a general density matrix associated with the second
qubit, respectively. The minimization over the whole set
of classical states for 1-norm two-qubit X states has been
proposed in Ref. [61]. Thus, the X-state density matrix
is of form
ρ =
 ρ11 0 0 ρ140 ρ22 ρ23 00 ρ32 ρ33 0
ρ41 0 0 ρ44
 . (4)
The phase factors ρ14/|ρ14| = eiθ14 and ρ23/|ρ23| = eiθ23
of the off diagonal elements can be removed using the
local unitary transformations acting on the two qubits of
the system
|0〉k → exp
(
i
2
(
θ14 + (−1)kθ23
))
|0〉k, k = 1, 2
with the unchanged rank and positive off-diagonal entries
of the density matrix ρ, i.e.,
ρ→ ρˆ =
 ρ11 0 0 |ρ14|0 ρ22 |ρ23| 00 |ρ23| ρ33 0
|ρ14| 0 0 ρ44
 , (5)
In the Fano-Bloch representation, Eq. (5) can be written
as
ρˆ =
1
4
∑
α,β
Rαβσα ⊗ σβ , (6)
3where the non vanishing correlation matrix elements
Rαβ = trρ (σα ⊗ σβ) are given by
R11 = 2(|ρ23|+ |ρ14|), R22 = 2(|ρ23| − |ρ14|),
R33 = 1− 2(ρ22 + ρ33), R30 = 2(ρ11 + ρ22)− 1,
R03 = 2(ρ11 + ρ33)− 1. (7)
According to Ref. [61], the trace distance quantum dis-
cord is invariant under local transformations and takes
the form
DT(ρ) =
√
R211R2max −R222R2min
R2max −R2min +R211 −R222
, (8)
where R2min = min{R211,R233} and R2max =
max{R233,R222 +R230}.
Very recently, a discord-like measure of quantum cor-
relation (local quantum uncertainty (LQU)) formalized
by Girolami et al [62] is defined as the minimum skew
information achievable with a single local measurement
[63]. It constitutes an alternative tool to evaluate the an-
alytical expressions of quantum correlations encompassed
in any bipartite systems. This measurement satisfies all
the known criteria for a discord-like quantifier and also
deeply related to quantum Fisher information in the con-
text of quantum metrology [64]. The local quantum un-
certainty is given by
U(ρ) ≡ min
KA
I(ρ,KA ⊗ IB), (9)
where KA is some local observable on subsystem A, and
I(ρ,KA ⊗ IB) is the skew information of the density op-
erator ρ, i.e.,
I(ρ,K1 ⊗ I2) = −1
2
Tr([
√
ρ,K1 ⊗ I2]2). (10)
For the bipartite 2 ⊗ d systems, Girolami et al have de-
rived a closed form of LQU [62]:
U(ρ) = 1−max{ξ1, ξ2, ξ3}, (11)
where ξi’s are the eigenvalues of the 3 × 3 symmetric
matrix W whose matrix elements are defined by,
ωij ≡ Tr{√ρ(σi ⊗ IB)√ρ(σj ⊗ IB)}, (12)
with i, j = 1, 2, 3. For the X-type states, the matrix
elements of Eq. (12) are given by (see appendix A):
w11 =
(√
λ1 +
√
λ4
)(√
λ2 +
√
λ3
)
+
(
T 211 − T 222
)
+
(
T 212 − T 221
)
+
(
T 203 − T 230
)
4
(√
λ1 +
√
λ4
) (√
λ2 +
√
λ3
) ,
w22 =
(√
λ1 +
√
λ4
)(√
λ2 +
√
λ3
)
+
(
T 222 − T 211
)
+
(
T 221 − T 212
)
+
(
T 230 − T 203
)
4
(√
λ1 +
√
λ4
) (√
λ2 +
√
λ3
) ,
w33 =
1
2
[(√
λ1 +
√
λ4
)2
+
(√
λ2 +
√
λ3
)2]
+
(T30 + T03)
2 − (T11 − T22)2 − (T12 + T21)2
8
(√
λ1 +
√
λ4
)2
+
(T03 − T30)2 − (T11 + T22)2 − (T12 − T21)2
8
(√
λ2 +
√
λ3
)2 ,
w12 = w21 =
1
2
T11T21 + T22T12(√
λ1 +
√
λ4
) (√
λ2 +
√
λ3
) ,
w13 = w31 = w23 = w32 = 0, (13)
where Tαβ = trρ (σα ⊗ σβ), and λi(i = 1, 2, 3, 4) are the
eigenvalues of the density matrix ρ of Eq. (4). We have
to note here that when all the elements of the density
matrix ρ are real, these correlation matrix elements Tαβ
are coincident with the correlation matrix elements of
the density matrix ρˆ occurring in Eq. (6). To analyze
the system in an entangled or separable states, the local
quantum uncertainty might be compared to the concur-
rence or TQD described by Eq.’s (1) and (8), respectively.
III. THEORETICAL MODEL AND MASTER
EQUATION
In this work, the system under consideration consists of
two identical atoms with non-overlapping states, located
at positions ri(i = 1, 2) having ground state |gi〉 and
excited state |ei〉. The atoms are connected by dipole
transition moments ~µ and are coupled to all modes of
the quantized electromagnetic field [65–68]. In the in-
teraction picture, the Hamiltonian of the system after
employing rotating wave approximation can be written
as
Hˆ = ~ω0Sz +
∑
~ks
ωkaˆ
†
~ks
aˆ~ks − i~
∑
~ks
[
~µ.~g~ksS
+aˆ~ks −H.c
]
,
(14)
where S+i = |ei〉 〈gi| and S−i = |gi〉 〈ei| represents the
dipole raising and lowering operators, Szi = |ei〉 〈ei| −
|gi〉 〈gi| is the energy operator of the ith atom, aˆ~ks and
aˆ†~ks are the annihilation and creation operators with wave
vector ~k, frequency ωk and the index of polarization s,
respectively. The term ~g~ks (~ri) is the coupling constant
4given by:
~g~ks (~ri) =
(
ωk
2ε0~V
) 1
2
~e
~ks
ei
~k.~ri , (15)
with ~eks denotes the electric field polarization vector, V
is the quantization volume and ~ri is the position of the
ith atom.
The master equation describing the evolution of the
atomic density operator in the Born-Markov approxima-
tions has been derived by Lehmberg [69]. This derivation
is a generalisation of the Lindblad master equation to the
case of non-identical atoms (in this case, we have differ-
ent transition frequencies ωi) interacting with a squeezed
vacuum field [70, 71], i.e,
∂ρ (τ)
∂t
= −iω0
2∑
i=1
[Szi , ρ]− iΩ12
2∑
i 6=j
[
S+i S
−
j , ρ
]−
1
2
2∑
i,j=1
Γij
(
ρS+i S
−
j + S
+
i S
−
j ρ− 2S−j ρS+i
)
,
(16)
where Γij(= Γ) is the damping by spontaneous emission
for i = j, equal to the Einstein A coefficient for sponta-
neous emission which is induced by the direct coupling
of the atom with the radiation field, while Γij(= γΓ) for
i 6= j depicts the collective damping resulting from mu-
tual exchange of photons. The term Ωij(= Ω) represents
the interaction between two-two level atoms, defined by:
Γij =
3
2
Γ

[
1− (~µ.~rij)2
] sin (ξij)
ξij
+[
1− 3(~µ.~rij)2
] [cos (ξij)
ξij
2 −
sin (ξij)
ξij
3
]
 ,
(17)
and
Ωij =
3
4
Γ
 −
[
1− (~µ.~rij)2
] cos (ξij)
ξij
+[
1− 3(~µ.~rij)2
] [ sin (ξij)
ξij
2 +
cos (ξij)
ξij
3
]
 .
(18)
where ξij = k0rij = 2pirij/λ0, with λ0 is the resonant
wavelength, and rij = |rj − ri| is the distance between
the atoms.
The main concern of the present investigation is to
study the evolution of the concurrence, the trace distance
quantum discord and the local quantum uncertainty us-
ing the density-matrix formalism. To solve Eq. (16), we
use the collective Dicke state representation, introduced
by Dicke [17] where the two-atom system behaves as a
single four-level system with states
|g〉 = |g1, g2〉 ,
|±〉 = (|e1, g2〉 ± |g1, e2〉)
/√
2,
|e〉 = |e1, e2〉 , (19)
where, the energies correspond to respective states are
Eg = −~w0, E+ = ~Ω12, E− = −~Ω12, and Ee = ~w0.
Ω
Ω
( )
( )
( )
( )
FIG. 1: (color online) Energy-level diagram for the collec-
tive stats of two identical atoms, showing the frequency shifts
±~Ω12 and decay constants (1± γ) Γ.
Here, the states where |±〉 describes the maximally en-
tangled symmetric and antisymmetric states, as schemat-
ically represented in Fig. (1). With the use of Dicke or
collective bases for arbitrary initial conditions, the ele-
ments of the density matrix ρ can be determined by using
master equation,
ρee (τ) = e
−2τρee (0) ,
ρ++ (τ) = e
−(1+γ)τρ++ (0)
+
(1 + γ)
(1− γ)
(
e−(1+γ)τ − e−2τ
)
ρee (0) ,
ρ−− (τ) = e−(1−γ)τρ−− (0)
+
(1− γ)
(1 + γ)
(
e−(1−γ)τ − e−2τ
)
ρee (0) ,
ρ+− (τ) = e−(1−2iη)τρ+− (0) ,
ρeg (τ) = e
−τρeg (0) , (20)
subject to the probability conservation ρgg =
1 − ρee − ρ++ − ρ−− with ρjk = ρkj∗. Here,
τ = Γt, γ = Γ12/Γ, and η = Ω12/Γ. To measure
the quantum correlations, we need the solutions for
the density matrix elements in the standard prod-
uct basis or into the Bell basis, for which we defined
{|1〉 = |e1, e2〉 , |2〉 = |e1, g2〉 , |3〉 = |g1, e2〉 , |4〉 = |g1, g2〉}
with
ρ11 (τ) = ρee (τ) , ρ14 (τ) = ρeg (τ) ,
ρ22 (τ) = (ρ++ (τ) + ρ+− (τ) + ρ−+ (τ) + ρ−− (τ))/2,
ρ33 (τ) = (ρ++ (τ)− ρ+− (τ)− ρ−+ (τ) + ρ−− (τ))/2,
ρ23 (τ) = (ρ++ (τ) + ρ+− (τ)− ρ−+ (τ)− ρ−− (τ))/2.
(21)
Hereafter, we discuss the dependence of quantum corre-
lations on different initial states.
A. Zero or Double Excitation
Here, we discuss the decay of quantum correlation be-
tween two atoms , depending on the initially maximally
5entangled state of zero or double excitation.
|ψ (0)〉 = 1√
2
(|e1, e2〉+ |g1, g2〉) . (22)
Therefore, the density matrix becomes:
ρ (τ) =
 a (τ) 0 0 d (τ)0 b (τ) e (τ) 00 e (τ) b (τ) 0
d (τ) 0 0 c (τ)
 , (23)
with
a (τ) =
1
2
e−2τ , b (τ) =
e−τ
2 (1− γ2)δ,
c (τ) = 1− e
−2τ
2
− e
−τ
(1− γ2)δ, d (τ) =
1
2
e−τ ,
e (τ) =
e−τ
2 (1− γ2)
(
2γZ − (1 + γ2) sinh (γτ)) , (24)
where Z = cosh (γτ)− e−τ and δ = (1 + γ2)Z −
2γ sinh (γτ). We first consider the evaluation of the con-
currence given by Eq. (1). Depending on the largest
eigenvalue, it’s easy to verify that the concurrence is ob-
tained as
C (τ) =

max {0, C1 (τ)} If
√
ϑ1 =
∣∣∣d (τ) +√a (τ) c (τ)∣∣∣
max {0, C2 (τ)} If
√
ϑ1 = |b (τ) + e (τ)| ,
max {0, C3 (τ)} If
√
ϑ1 = |b (τ)− e (τ)| ,
(25)
with
C1 (τ) =
e−τ
(1− γ2)
((
1− γ2)− δ) ,
C2 (τ) =
e−τ
(1− γ2)
(
2γZ − (1 + γ2) sinh (γτ))
− e
−τ√
1− γ2
[
2
(
1− γ2)− e−τ (2δ + (1− γ2) e−τ)] 12 ,
C3 (τ) =
e−τ
(1− γ2)
((
1 + γ2
)
sinh (γτ)− 2γZ)
− e
−τ√
1− γ2
[
2
(
1− γ2)− e−τ (2δ + (1− γ2) e−τ)] 12 .
(26)
Subsequently, we determined the analytic evolution of
the quantum discord based on the trace norm and the
local quantum uncertainty. The non vanishing matrix
correlations of Eq. (23), in the Fano-Bloch representa-
tion, are given by
T11 =
e−τ
(1− γ2)
((
1− γ2)+ 2γZ − (1 + γ2) sinh (γτ)) ,
T22 =
e−τ
(1− γ2)
(
2γZ − (1 + γ2) sinh (γτ)− (1− γ2)) ,
T33 = 1− 2e
−τ
(1− γ2)δ, T30 = e
−2τ − 1 + e
−τ
(1− γ2)δ,
(27)
where, T03 = T30. It is simple to check that the dif-
ference T 222 + T
2
30 − T 233 remains positive always and
Tmax = T
2
22 + T
2
30, irrespective of the parameters (γ and
τ) values. Using Eq. (8), one has to treat separately the
two cases. For T33
2 ≥ T112, the trace distance discord
can be simply written as
DT (τ) = |T11| . (28)
For T33
2 ≤ T112, the trace distance discord is given by
DT (τ) =
√
T 222 (T
2
11 − T 233) + T 211T 230
T 222 − T 233 + T 211
. (29)
To determine the analytic expression of the local quan-
tum uncertainty from Eq. (9), it is necessary to calculate
the elements given by Eq. (12). After some simplifica-
tions, we obtain
w11 =
√
(β +X)(β + Y )
+
e−2τ
(
2γZ − (1 + γ2) sinh (γτ))
(1− γ2)√(β +X)(β + Y ) ,
w22 =
√
(β +X)(β + Y )
− e
−2τ (2γZ − (1 + γ2) sinh (γτ))
(1− γ2)√(β +X)(β + Y ) ,
w33 =
1
2
(X + Y ) +
(
e−2τ − 1 + β)2 − e−2τ
2 (β +X)
− e
−2τ(2γZ − (1 + γ2) sinh (γτ))2
2(1− γ2)2 (β + Y ) , (30)
with X = 1 + e−τ
√
1− e−2τ − 2β, Y =
e−τ
√
1 + e−2τ − 2e−τ cosh (γτ) and β = e−τδ/(1− γ2).
The dynamical evolution of quantum correlations when
both the atoms are, initially, in an entangled state of
zero or double excitation, is depicted in Fig. (2). It is
observed that, the different measures of the quantum
correlations, decays differently, where the concurrence,
initialy, goes to zero (sudden death) and then revives
over a long time with the dark period ∆τ which depends
on each spontaneous emission parameter γ, but the other
measures (TQD and LQU) follow the exponential decay
of the correlation. Despite of the fact that concurrence
is a good measure of correlation for two-level system, it
can not capture all the nonclassical correlations in the
system with which other measures exponential decay
make this system more worthwhile.
B. Single-Atom Excitation.
In this subsection, we describe the spontaneous gen-
eration of correlation between two atoms by assuming,
initially, the separable state of singly excited state, i.e.,
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FIG. 2: Behavior of concurrence, trace quantum discord and
local quantum uncertainty for two atoms maximally initially
entangled versus the parameter τ for different values of γ.
|e1, g2〉. Thus, the density matrix elements are given by
ρ22 (τ) =
e−τ
2
(cosh (γτ) + cos (2ητ)) ,
ρ33 (τ) =
e−τ
2
(cosh (γτ)− cos (2ητ)) ,
ρ23 (τ) =
e−τ
2
(i sin (2ητ)− sinh (γτ)) ,
ρ44 (τ) = 1− e−τ cosh (γτ) . (31)
The nonvanishing correlation matrix elements are given
by
R11 = R22 = e−τ
√
sin (2ητ)
2
+ sinh (γτ)
2
,
T11 = T22 = −e−τ sinh (γτ) ,
R33 = T33 = 1− 2e−τ cosh (γτ) ,
R30 = T30 = e−τ (cosh (γτ) + cos (2ητ))− 1,
R03 = T03 = e−τ (cosh (γτ)− cos (2ητ))− 1.
(32)
γ=0.1γ=0.3γ=0.5γ=0.7γ=0.9
0 2 4 6 8 10 12 14
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FIG. 3: Evolutions of concurrence and geometric quantum
discord for Single-atom initial excitation versus the parameter
τ for the different values of γ with η = 0.9.
Based on the above formalism, the analytical expression
to determine the concurrence and quantum discord is
given by
C (τ) = DT (τ) = e
−τ
√
sinh (γτ)
2
+ sin (2ητ)
2
, (33)
whereas, the local quantum uncertainty is described by
Eq. (12) with
w11 =
e−τ (cosh (γτ) + cos (2ητ)) (1− e−τ cosh (γτ))√
e−τ cosh (γτ) (1− e−τ cosh (γτ)) ,
w22 =
e−τ (cosh (γτ)− cos (2ητ)) (1− e−τ cosh (γτ))√
e−τ cosh (γτ) (1− e−τ cosh (γτ)) ,
w33 =
2 cosh (γτ)− e−τ (1 + 2 sinh2 (γτ)− cos (4ητ))
2 cosh (γτ)
,
(34)
Fig.’s (3)-(4) display the spontaneous generation of
quantum correlation by assuming, initially, the super-
position of maximally entangled symmetric and anti-
symmetric state. Contrary to the later case of initial
entanglement, all the correlations depend on both the col-
lective damping and dipole-dipole interaction term with
which, firstly, displays a fast increase, being followed by
a very slow oscillatory decay. Moreover, one can clearly
observe the oscillatory behavior of correlations, due to
the presence of dipole-dipole interaction Ω12.
This dynamics can be easily understood from the
time evolution of the two equally populated intermedi-
ate states, i.e. ρss(0) = ρaa(0) = 1/2(see fig. (5)). It is
shown that the state |+〉 decays with an enhanced (super-
radiant) rate while the state |−〉 decays with the reduced
(subradiant) rate. The concurrence exhibits an appre-
ciably long lifetime due to the asymmetry between two
cascades, eventually reaching the value of the population
of anti-symmetric state, i.e. C(t) ' ρaa(t).
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FIG. 4: Evolution of local quantum uncertainty for Single-
atom initial excitation versus the parameter τ for the different
values of γ with η = 0.9.
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FIG. 5: Population of symmetric state |+〉 (dotted-dashed
curve), antisymmetric state |−〉 (dashed curve) and time evo-
lution of concurrence C(τ) (solid surve) at γ = 0.9.
C. Maximally Entangled Symmetric State
As a third example, let consider the maximally entan-
gled symmetric as the initial atomic state, i.e.,
|ψ (0)〉 = 1√
2
(|e1, g2〉+ |g1, e2〉) . (35)
In this case, the evolved density matrix takes the form
ρ (τ) =
 0 0 0 00 α (τ) α (τ) 00 α (τ) α (τ) 0
0 0 0 β (τ)
 , (36)
with the obtained concurrence and quantum discord
C (τ) = DT (τ) = e
−(1+γ)τ . (37)
On the other hand, to obtain the explicit expression of
LQU, we compute first the elements given by Eq. (12),
w11 = w22 =
√
e−(1+γ)τw33, (38)
where w33 = 1− e−(1+γ)τ and to get it, one has to treat
the cases, separately, i.e., w11 ≥ w33 or w33 ≥ w11 with
which
U(ρ (τ)) = 1−max{w11, w33}. (39)
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FIG. 6: Evolutions of concurrence and geometric quantum
discord versus the parameter τ for the different values of γ.
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FIG. 7: Evolution of local quantum uncertainty versus the
parameter τ for the different values of γ.
The decay of non-classical correlations for the maximally
entangled symmetric state is shown in Fig. (6) and (7).
It is observed that the different measures (concurrence,
TQD and LQU) of the correlations have similar evolution
behavior and decays rapidly with the enhancement of
spontaneous emission parameter γ.
D. The case of two very close atoms (r12 → 0).
Here, we will study the behaviour of the concurrence,
the trace distance quantum discord and the local quan-
tum uncertainty in the situation when the distance be-
tween two atoms tends to zero, i.e., r12 → 0. There-
fore, the collectoive damping Γ12 → Γ and Ω12 →[
3Γ
/
4ξ312
] [
1− 3 (~µ.~r12)2
]
. In this limit, we shall discuss
three cases. we start with the first case in which two
atoms in the maximally entangled Bell state for which
the concurrence is given by
C (τ) = max {0, C1 (τ) , C2 (τ)} , (40)
where
C1 (τ) = (1− τ) e−2τ ,
C2 (τ) = e
−τ
(
τe−τ −
√
2− (1 + 2τ) e−2τ
)
. (41)
8Likewise, the trace distance quantum discord and the
explicit expression of matrix W are given by
DT (τ) = e
−τ (1 + τe−τ) , (42)
w11 =
τe−τA+ τe−2τ
(
1 +
√
B
)
√
τ (1 + τe−2τ ) + τe−τ
√
B
,
w22 =
τe−τA+ τe−2τ
(√
B − 1
)
√
τ (1 + τe−2τ ) + τe−τ
√
B
,
w33 =
1
2
(
A+ e−τ
√
B
)
+
(
(1 + τ) e−2τ − 1)2 − e−2τ
2
(
1− τe−2τ + e−τ√B
) . (43)
where A =
(
1− τe−2τ) and B = 1− (1 + 2τ) e−2τ . The
second case corresponds to the separable state of singly
excited state for which the concurrence and TQD takes
the form
C (τ) = DT (τ) =
1
2
√
(e−2τ − 1)2 + e−2τ sin (2ητ)2.
(44)
For local quantum uncertainty, the elements of the ma-
trix W are reduced to
w11 =
(
1− e−2τ) (e−τ cos (2ητ)− 2e−2τ + 2)
4
√
1− e−4τ ,
w22 =
(
e−2τ − 1) (e−τ cos (2ητ) + 2e−2τ − 2)
4
√
1− e−4τ ,
w33 =
e−2τ
(
2 cos (4ητ)− e−2τ + 2)+ 1
2 (e−2τ + 1)
, (45)
Similarly for the third case, in which the initial atomic
state is the maximally entangled symmetric state, the
concurrence and TQD takes the form
C (τ) = DT (τ) = e
−2τ , (46)
and the elements of Eq. (12) are reduced to
w11 = w22 = e
−τ√w33, (47)
where w33 = 1− e−2τ . To get more insight on the effect
of dipole-dipole interaction and collective damping, let
assume that the two atoms are approaching one another,
i.e., r12 → 0. We investigate the evolution of quantum
correlations in Fig.’s (8)-(10). Indeed, we observe a sud-
den change in quantum correlations that depend on the
inter-atomic distance and initial excitations. Our result
shows that the quantum correlations can be maintained
over a longer time but for small distances between the
two atoms.
IV. CONCLUSION
To conclude, we have investigated the dynamics of non-
classical correlations in two-two level atoms interacting
For ψ(0)〉= 1
2
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(e1,g2〉+g1,e2〉)
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FIG. 8: Evolutions of concurrence for the different cases ver-
sus the parameter τ with γ −→ 1
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FIG. 9: Evolutions of the trace quantum discord for the dif-
ferent cases versus the parameter τ with γ −→ 1
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FIG. 10: Evolutions of the local quantum uncertainty for the
different cases versus the parameter τ with γ −→ 1
with a quantized electromagnetic field (assumed to be
in the vacuum state). The peculiar behavior of quan-
tum correlations are examined for different initial Dicke
states. It depends on the collective damping and qubit-
qubit interaction. When the two atoms are initially in
an entangled state of double or zero excitation, the evo-
lution of different measures behave differently and de-
cays exponentially. Meanwhile, the entanglement is gen-
erated, spontaneously with oscillatory behavior, by as-
suming initially the superposition of intermediate states
for which all the correlations display their dependence on
both collective damping and qubit-qubit interaction. We
also have discussed the evolution of these correlations for
the atoms placed very close, i.e., r12 → 0. In this case, all
9measures shows the long time non-classical correlations
which behave identically. Therefore, the present inves-
tigation suggests that local quantum uncertainity and
trace quantum discord are good measures of the quan-
tum correlation.
Appendix A: LQU for States of X type
In this appendix, we present a simple method to cal-
culate the local quantum uncertainty for X-type states.
First, the eigenvalues corresponding to Eq. (4) are,
λ1 =
1
2
t1 +
1
2
√
t1
2 − 4d1, λ2 = 1
2
t2 +
1
2
√
t2
2 − 4d2
λ3 =
1
2
t2 − 1
2
√
t2
2 − 4d2, λ4 = 1
2
t1 − 1
2
√
t1
2 − 4d1
(A1)
where 
t1 = ρ11 + ρ44
d1 = ρ11ρ44 − ρ14ρ41
t2 = ρ22 + ρ33
d2 = ρ22ρ33 − ρ32ρ23
(A2)
The square root of Eq. (4) in terms of the computational
basis can be written as follows,
√
ρ =

ρ11 +
√
d1√
t1 + 2
√
d1
0 0
ρ14√
t1 + 2
√
d1
0
ρ22 +
√
d2√
t2 + 2
√
d2
ρ23√
t2 + 2
√
d2
0
0
ρ32√
t2 + 2
√
d2
ρ33 +
√
d2√
t2 + 2
√
d2
0
ρ41√
t1 + 2
√
d1
0 0
ρ44 +
√
d1√
t1 + 2
√
d1

.
(A3)
with the eigenvalues√
λ1 =
1
2
√
t1 + 2
√
d1 +
1
2
√
t1 − 2
√
d1,√
λ2 =
1
2
√
t2 + 2
√
d2 +
1
2
√
t2 − 2
√
d2,√
λ3 =
1
2
√
t2 + 2
√
d2 − 1
2
√
t2 − 2
√
d2,√
λ4 =
1
2
√
t1 + 2
√
d1 − 1
2
√
t1 − 2
√
d1. (A4)
The density matrix operator
√
ρ of Eq. (A3) can be
described in Fano-Bloch representation as
√
ρ =
1
4
∑
χ,δ
Rχδσχ ⊗ σδ, (A5)
where the parameters of the correlation matrix Rχδ =
tr (
√
ρσχ ⊗ σδ) with χ, δ = 0, 1, 2, 3 are,
R00 =
√
t1 + 2
√
d1 +
√
t2 + 2
√
d2
R03 =
1
2
T30 + T03√
t1 + 2
√
d1
− 1
2
T30 − T03√
t2 + 2
√
d2
R30 =
1
2
T30 + T03√
t1 + 2
√
d1
+
1
2
T30 − T03√
t2 + 2
√
d2
R11 =
1
2
T11 + T22√
t2 + 2
√
d2
+
1
2
T11 − T22√
t1 + 2
√
d1
R12 =
1
2
T12 − T21√
t2 + 2
√
d2
+
1
2
T12 + T21√
t1 + 2
√
d1
R21 =
1
2
T12 + T21√
t1 + 2
√
d1
− 1
2
T12 − T21√
t2 + 2
√
d2
R22 =
1
2
T11 + T22√
t2 + 2
√
d2
− 1
2
T11 − T22√
t1 + 2
√
d1
R33 =
√
t1 + 2
√
d1 −
√
t2 + 2
√
d2. (A6)
Reposting the expression of
√
ρ (A3) in Eq. (12), one
gets, after some algebra, the matrix elements wij given
by Eq. (13).
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